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Abstract 
In this study· the elasticity problem for an infinite orthotropic flat plate 
containing a series of through and part-through cracks and subjected to bending 
and tension loads is considered. The problem is formulated by using Reissner's 
plate bending theory and considering three dimensional material orthotropy. The 
Line-spring model developed by Rice and Levy is used to formulate the surface 
crack problem in which a total of nine material constants have been used. The 
main purpose of this study is to determine the effect of material orthotropy on 
the stress intensity factors, to investigate the interaction between two 
asymmetrically arranged collinear cracks, and to provide extensive numerical 
results regarding the stress intensity factors. The problem is reduced to a 
system of singular integral equations which is solved by using the Gauss-
Chebyshev quadrature formulas. The calculated results show that the material 
orthotropy does have a significant effect on the stress intensit.y factor . 
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Chapter 1 
Introduction 
In recent years the increasing use of composite plates in many engineering 
structures and especially in the aero-space industry has brought up the need for 
more intensive stress analysis of anisotropic materials. Up to now no completely 
analytical solution of the related failure problems has been available due to the 
inherent difficulties involving the stress analysis and material characterization. In 
many cases the failure is attributed to the growth of cracks or crack-like flaws 
which exist in the structure. During the past two decades many investigators 
have studied the stress state in the immediate neighborhood of the crack tip 
smce the local fracture of a structure appears to be governed mainly by this 
stress field. The singular behavior of the stress state near the crack-tip as 
characterized by the stress intensity factor depends on the magnitude of the 
external loads, the configuration of the body including the crack size and shape, 
and the material properties. Problems of a surface crack in a structural 
component which may locally be represented by "plate" or "shell" have long 
attracted the attention of investigators who have been interested in fracture 
mechanics. In the past few years there has been some renewed interest in the 
Line-spring model, (which was originally developed by Rice [1]) for solving 
surface crack problems in plates and shells. This interest seems to be justified 
because of the relatively high accuracy of the results obtained from this model 
(see, for example, [21, [31 and [4] ). The purpose of this study is to extend the 
method to orthotropic elastic plates. The stress intensity factors for two 
orthotropic plates and one isotropic plate are extensively studied for through 
and part-through cracks. Here the isotropic case has been considered for the 
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purpose of comparison. In materials undergoing fracture it is often observed 
that small pre-existing cracks or cracks generated during service join together 
and grow into major cracks to cause final failure. Thus, theoretical analysis of 
the interaction of multiple cracks in the structure is quite important. 
Consequently, the emphasis in this study will be on the interaction of two 
collinear, semi-elliptic surface cracks or through cracks in an infinite plate 
sUbjected to uniform bending or tension. This problem is formulated by using 
Reissner's plate bending theory and considering the material orthotropy with the 
isotropic medium as a special case. The problem is reduced to a system of 
singular integral equations. The effect of material orthotropy on the stress 
intensity factor and the interaction between two arbitrarily arranged collinear 
cracks have been investigated. Rather extensive numerical results have been 
provided which may be useful in application. 
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Chapter 2 
The general formulation of the problem 
2.1 The governing equ8tions Cor 8n orthotropic pl8te under 
bending 8nd tension 
In this section a brief derivation of the fundamental equations for an 
orthotropic plate under bending and in-plane stretching is given. The problem of 
bending and the problem of in-plane loading are uncoupled. The material of the 
plate is assumed to be orthotropic with principal axes or orthotropy parallel to 
the co-ordinate axes. Thus the strain-stress relations may be expressed as 
(:1:% = Su/1 %Z + S12/1 II!I + S13/1 zz, 
(1111 = S21/1 %Z + Sn/1 II!I + S23/1 zz, 
(zz = S31 /1 %Z + S32/1 1111 + S33/1 zz ' 
(liZ = S44/1I1Z' (1) 
(zz = S55/1 zz' 
(%11= S66/1%II' 
where the quantities Sii characterize elastic properties of the plate material. 
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2.1.1 The plate under bending 
The bending problem is based on the Reissner's plate theory [5], [6]. In 
the isotropic case the equations are given by [7]. Consider a thin elastic plate 
bounded by the planes z = ± h/2. The resultant forces are shown in Fig. 1, 
where M .. and V. (i, j = X , 11) are respectively the moment and transverse shear 
IJ I 
resultants. 
Referring to [8], the equilibrium equations may be expressed as 
8M
z 
8M
zII 
-+---V -0 8x 811 z - , 
8M 8M 
II z" 
-+---V -0 
811 8x ,,-' 
8V 8V 
z II 
-+-+q=O, 
8x 811 
(2) 
and, in terms of the moment and shear resultants, the stress components 
are given by 
Mz 
z 
Mz 
II Mz / 
"zz = h3 /12 t11J1J= h3/12 "z,,= h3 /12 
3V 4z2 
-_zll--
2
], 
"ZZ- 2h h 
3V 4z2 
t1 = -211 - -] , 
liZ 2h h2 
3q 2z 8z3 2 
t1 zz = 4 ih - 3h3 + 3]· (3) 
Also, the following relations between some average values w, q,x and q,y 
and the displacements uo' Vo and Wo are introduced in accordance with the 
balance of the work done by the resultant forces on the average values and by 
the corresponding stresses on the actual displacements 
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3 J+h/ 2 4z2 
w = 2h wOI1--21dz, 
-h/2 h 
6 J+ h / 2 z tP =- u -dz 
z h2 -h/2 0 h/2 ' 
(4) 
6 J+h/ 2 Z tP =- v -dz 
II h2 -h/2 0 h/2 . 
From (1) and the strain-displacement relations it follows that: 
auo 
fzz = ax = 811 17 zz + 8121711/1 + 81317 zz' 
avo 
fll/l = By = 821 17 zz + 8221711/1 + 82317 zz' 
awo 
lzz= az = 831 17zz + 8321711/1+ 83317zz , 
auo awo 
lzz = az + ax = 85517 %Z' (5) 
auo avo 
l =-+-= 8 17 
%11 all ax 66 %1/' 
awo avo 
l =-+-= 8 17 
liZ all az 44 I/z 
If we now solve (5) for I7 ji ,(i,j=X,II,Z), substitute into (3), int('grate in z 
and use (4) we obtain: 
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h3 -1 a4>z a4>11 6q 
Mz = 121522511 - 512512] I( 522 ax - 5 12 all ) + (512523 - 5 22513) 5h] , 
h3 -1 a4>11 a4>z 6q 
M = -1522511 - 5125121 I( 5U -a - 521-a ) + (521 513 - 5 23511 ) -h] , II 12 11 x 5 
h3 a4> a4> 1 Z II M --(5 )- (-+-) 
zl/-12 66 all ax' (6) 
aw 6Vz 
4>z = - ax + 5555h , 
aw 6VII 
4>11=- ay + 5445h · 
Technically, equations (2) and (6) would give the complete formulation of 
the problem, the eight equations accounting for the eight variables, M, M, 
Z II 
M , V, V , 4> ,¢> and w. Eliminating first, ¢> and ¢> then M ,M and M ZII Z 1/ Z II Z II Z II ZII 
and assuming q=O , we obtain the system of equations governing the small 
deflection of elastic orthotropic plates as follows: 
V +V =0, z,z 11,11 
V +A V + A V - A w - A w = 0 
Z 1 Z,ZZ 2 Z,IIII 3 ,ZZZ 4 ,IJI/Z ' (7) 
V+AV +AV -Aw -Aw =0, II 5 II,ZZ 6 11,1111 7 ,ZZII 8 ,IJIJIJ 
where the coefficients Ai are const.ants defined in Appendix 1. The 
remaining unknowns can be obtained from 
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6555 
..I. --w +-V 
'I'Z- ,Z 5h z' 
6544 
..I. --w +-V 
'1'11- ,II 5h II' (8) 
h3 h2 
Mz = - 12,. ( 522W,u - 512W,IJIJ) + 10,. ( 522 555 + 512544 ) Vz,z ' 
h3 h2 
Mil = - 12,. ( 5U w,IJIJ - 512w,zz ) + 10,. ( 511 544 + 512555 ) VII,II' 
h3 h2 
M =--w +--(5 V +5 V ) 
Zll 65 ,ZII 105 55 Z,II 44 II,Z ' 
66 66 
where ,. = 511522 - 512512 • (9) 
Note that since the basic system of equation (7) is sixth order, three 
conditions must be prescribed on the boundary of the plate. 
Following [8], to simplify this bending problem a stress function F(x,y) IS 
introduced as follows: 
W = F +AIF + A2F , 
,II ,zZII ,I11III 
V=AF +AF 
Z 3 ,ZZZII 4 ,%I11III' (10) 
V=-AF -AF II 3 ,ZZ%% <I ,Z%I/II' 
then, equations (7) are identically satisfied provided the stress function 
F(x,y) satisfies the following equation: 
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a4F a4F a4F a6F 
B1 -+B2 +B3 -+B4 -ax4 aX2aU2 aU4 ax6 
a6F a6F a6F 
+B5 +B6 +B7 -=O, 
aX4aU2 aX2aU4 aU6 
(11 ) 
where Bi are known constants defined in Appendix 1. 
Equation (11) is called the fundamental equation. It is essentially a special 
case of that given in [81. 
2.1.2 In-plane stretching problem 
Begining with the usual plane stress assumption 
u =u =u =0, 
zz z:t ZII 
we define the Airy stress function 4>(x,ul as follows: 
U
ZZ 
a 24> 
a,l 
a 24> 
(1l1l1 = ax2 
a24> 
U ZII = - ayax 
(12) 
Along with the stress-strain relation (1), the compatibility condition for an 
orthotropic plate may be expressed as: 
a44> a44> a 44> 
-+2C1 +C2
2
-=O, (13) 
ax4 ax2ay2 ay4 
566 5 12 511 1/2 
where C1 = "is + 5' C2 = (5) (14) 22 22 22 
The fourth order differential equation (13) is subject to two conditions on 
the plate boundary. 
As we know, the solutions satisfying equation (13) yield the following 
characteristic equation 
m
4 + 2C1 m
2 + C2
2 
= o. (13.1) 
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The roots of (13.1) are 
m 1 = 91 + i 92 
m 2 = 93 + i 94 
m3 = -m1 m 4 = -m2 
(13.2) 
Where m1 and m2 are both real or complex conjugates. The material is 
defined as type 1 when both roots are real and as type 2 when they are 
complex conjugates. 
Equations (11) and (13) give the governing equations for an orthotropic 
plate subjected to bending and in-plane streching. 
2.2 Infinite plate cont8ining a series of collinear cracks 
2.2.1 The orthotropic plate under bending 
Consider now an infinite plate containing a series of collinear through 
cracks which are along the y axis. This problem will be solved by using Fourier 
transforms. It will be assumed throughout this study that through a proper 
superposition, the original crack problem has been reduced to a perturbation 
problem in which self-equilibrating force and moment resultants acting on the 
crack surfaces are the only nonzero external loads. One may note that since the 
corresponding through crack problem is uncoupled through the governing 
equations as well as the boundary conditions, the in-plane loading and bending 
problems can be solved independently. 
For the function F(x,y) defined by (11) we introduce the following Fourier 
transformations: 
10 
j +co I(x,o) = -co F(x,lI) i ay dll, (I5a), 
1 J+CO . F(x,lI) = -2 I(x,o) e-Iall dll· 
n -co 
(I5b) 
Substituting (I5b) into (11) one obtains a sixth-order ordinary linear 
differential equation in f. Looking for a solution in the form: 
I(x,o) = R(o)em:r, (16) 
the charcteristic equation of the problem is found to be 
B m6+(B -02B )m4 _(02B -04B )m2 +(04B -06B )=0 4 1 5 2 6 3. 7 • ( 17) 
It should be emphasized here that the roots of (17) are in general complex 
and are functions of o. 
After solving (17) let the roots be ordered such that 
Re(mj ) <0, (j=I, 2,3), m j -t3=-mj" (18) 
The solution I(x,o), satisfying the regularity condition at x = ± 00, may 
then be expressed as 
3 
I(x,o) = L Rj(o)em,:z , 
j=1 
6 
-"R m.:r 
- ~ j(a)e J , 
j=4 
lor (x>O), 
lor (x < 0) . (19) 
. Because of the assumed symmetry with respect to yz plane in loading and 
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geometry, the transverse shear and moment resultants must satisfy the following 
symmetry conditions: 
V:lr,y) = -Vz{-x,y), Vy(X,y) = Vy{ -x,y) , 
Mz{x,y) = Mz{ -x,y), My{x,y) = My{-x,y) , 
MZY(x,y) = -MZY(-x,y) . (20) 
It is therefore sufficient to consider one half of the plate only. Thus for 
example for x > 0 we find 
1 /00 3 . F(x,y) = - L R.(a)emle-'QlIda, 
211" -00 J j=I (x> 0). (21) 
Substituting from (21) into (10) and using (8) the relevant components of 
moment and transverse shear resultants and rotation may be expressed as 
follows: 
1 /00 3 .. 
M = - ~ r (a)R .(a)emle-' IIQ da 
zy 211" -00 ~ zy J ' 
j=I 
(22) 
h3 h3 h2 h2 
r Zy(a) = 165 mj + (65 Al - 105 555 A3 ) (m/ + 105 544 A4 m/ I a 2 , 
~ ~ ~. ~ 
h3 h2 h2 
+ 1- -5 A2 + --555 A41 mJ.Q4.- --544 A3 {mj )5, 6 66 IOS66 IOS66 
12 
h3 . /00 3 
M = -~ "r (o)R.(o)em/'e-il/ll do 
% 1211:211" -00 L ZZ J ' 
;=1 
(23) 
6 
r %z(o) = [ 822 (m/ + 822 Al (ml- 5h (822 855 + 812844)A3(mllo 
2 2 6 
- [822 A2(m;) -812- 812 Al (m) - 5h(822 855 
+ 812 844 )A4 ( m; )21 03 - 812A20 5 , 
. /+00 3 
V =~ "[-A3(m.)30+A4(m.)031R.(0)em/e-iI/Odo, 
% 211" -00 L J J J 
;=1 
(24) 
1100 3 . 
,p = - "r (0) R.(o)em/'e-'I/o do 
%,Y 211" -00 L ZZ J ' 
;=1 
(25) 
8 8 6 55 3 2 6 55 4 
rzz(O) = [m;+ (AI - 5hA3)m; III -IA2 - 5h A41 mJ.ll , 
where Rl' R2 and R3 are unknow~ functions of 0 and are gIven In 
Appendix 2. 
In addition to the regularity condition at infinity, the bending problem 
must be solved under the following boundary conditions: 
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MzlI(x,O) = 0, 
VII(X,O) = 0, -00 < X < 00, (26) 
Mz(O,II) = PI (II), liE L, 
<P z(O,II) = 0, II E L' , (27) 
where (L+L') = (-00,+00), L refers to a system of collinear cracks and is 
finite and PI (II) is a known function . By using the homogeneous conditions 
(26), two of the three unknown functions R j can be eliminated. The third one is 
then obtained from the mixed boundary conditions (27). 
The problem may be reduced to an integral equation for a new unknown 
function G I defined by 
a 
ay<P z(O,y) = G) (II), -00 < II < +00. (28) 
Thus, from(27) by noting that G) (II) = 0 on II E L' and by using (23) and 
(25) the first equation of (27) may be expressed in the following form: 
lim ( G)(t)dtj+oo H(o,x)eio(t- lI)do=p)(II), 
z-001L -00 
(y E L). (29) 
The possible singularity of the kernels in (29) at y=t would be due to the 
behavior of H(o,x) as 0 -+ ±oo. For the purpose of examining the singular 
behavior of the kernels in (29) and for extracting the singular parts, the 
asymptotic behavior of m., as 101--- 00 is needed. Thus, from (17) it can be 
J 
shown that for large values of 101 we have 
14 
ml ~ °llal, m 4=-m l , 
m 2 ~ (0 2 + ib2)l a l, ms = -m2, 
m3 ~ (02 - ib2)l a l, m6 = -m3, 
(30) 
where a j and b j are material constants. 
Using now the relations (30) and separating the asymptotic value of H for 
large lal, the kernel in (29) may be expressed as 
1
+00 1+00 
-00 H (a,x ) ei(I-II)oda = -00 H OO( a,x ) eio(I-II)da 
1
+00 
+ -00 [H(a,x) - noo(a,x) ] eio(I-II)da, (31) 
where Hoo is the asymptotic value of H(a,x) for lal--+ 00. The first term 
on the 'right-hand side of (31) gives a Canchy-type kernel (t-y)-I and the 
second· integral is uniformly converged for all t and y in which the limit x=O 
can, therefore, be put under the integral sign. After some rather complicated 
and lengthy manipulations (mostly due to the large number of elastic constants) 
(29) may be shown to be a singular integral equation with a simple Chachy-
type singularity of the following form 
Ill/, [_1_ + k(y,t)] G l(t)dt = Pl(y), 
L t-y 
yE L, 
where III is a material constant and 
15 
(32) 
1+00 K(y,t) = -00 [H(a) - neo(a)] eia(t-lI)da. (33) 
If Ci < y < di , (i=I, ... ,n) defines the cracks along the y axis, from 
(27) and (28) it follows that (34) must be solved under the following single-
valuedness conditions: 
j d. 'Gt(t)dt=O. 
c· I 
(i=I, ... ,n) (34) 
For example, if the plate contains a single crack along (-a,a) subjected to 
uniform bending moment 
pt(y) = -!vF, (35) 
it is seen that L= (- a,a) and the solution of the integral equation may be 
expressed as [10] 
Gt(t) = Ht(t) 
VI-t2 • 
where the unknown function gt(t) is bounded in It I ::; a. 
Defining now 
16 
(36) 
r= t/a, '=1I/a , 
h2 (I b 
G1(t) = -6 - gl(r), III 
6AF 
(lb=-2-' 
h 
hi (r) 
gl(r) = JI-/ 
equation (32) may be expressed as 
f 1 gl(r) 1 --== [-+k(.,r)ldr=-I, 
-1/ 2 r-. 
VI-T 
subjected to 
f 1 gl(T) dr= O. -1~2 
(37) 
1.1 < 1, (38) 
(39) 
In the symmetric bending problem under consideration, the stress intensity 
factor at a crack tip !/=d i is defined as follows: 
kl (z) = lim [2 ( 11- di ) 11/2 (1% (O,!/,z). (40) II ..... d. , 
Refering to [10] for the procedure, in this single crack case the stress 
intensity factor ratio defined by 
kbb = k1{l/2) / (lbJa, 
z 
k1(z) = h/2 kbb(lbJa , (41 ) 
is found to be 
kbb= -lrg(I). (42) 
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We must emphasize again that the major difficulty in this problem is that 
the functions m .(Q) are not known explicitly in terms of (Q). Thus we must 
J 
make use of a numerical technique to obtain H{Q) and then, k (fI, t ). 
2.2.2 The Orthopropic: Plate under In-Plane Loading 
Similarly for the in-plane loading problem we let 
1 j+OO . ~(%,fI) = - ,p{%,Q)e-,aYdQ. 
211" -00 
(43) 
Substituting now from (43) into (13) and considering the symmetry 
conditions, we obtain: 
for materials of type 1 
I/I{%,o) =01{Q)exp{q3 101 %) +02{Q)exp{q4 101 %), (% > 0) (44.1) 
where 
m l = q3 = - (C1 + VC 2 - C 2) 1/2 1 2 ' 
m 2 =q.=-(C _VC 2 _c 2 )1/2 1 1 2 . (44.2) 
are real roots of the characteristic equation (I 3.1) and C 1 and C2 are 
given by (14). 
for materials of type 2 
,p(%,Q) == I 01(o)cOS (Q20%) + 02(Q)sin (Q20%) 1 exp(q1lal %), 
(% > 0) 
where 
18 
(45.1) 
m 1 = ql + i q2 (ql < 0) 
m 2 = ql - i q2 (45.2) 
are complex conjugate roots of the characteristic equation (13.1). 
The membrane problem must be solved under the following boundary 
condition: 
Nz,,(O,y) = 0, (46) 
lim Nzz(O,v) = P2(V) , VEL, 
z-O+ 
(47) 
u(O+ ,V) = 0, yE L'. 
One of the two unknown functions 0] and 02 may be eliminated by usmg 
(46) and the remaining one may then be obtained from the mixed boundary 
conditions (47). Defining a new unknown function G2 by 
a 
a;u(O+,u) = G2(y), (48) 
using the following expressions obtained from (13), (43) and (44) or (45), 
for materials of type 1 
19 
.1+00 
T%II = 211r -00 Q! 01(Q)93IQ1 exp(q3lal X) + 02(Q)q4IQI exp(q4lQI x)] e-ialldQ, 
(49.1) 
1 1+00 u % = - ( _Q2 ) 1 ° 1 (Q) exp(q3 lQI X) 21r -00 
+ 02(Q) exp(94lQI X) ] e-ialldQ, 
for materials of type 2 
. 1+00 
T% =~ Q{01(a)!-Q2Qsin(Q2Qx)+Qllalcos(q2Qx)] 
II 21r -00 
+ 02(Q) 1 Q2 Q cos (Q2 Q x) + qllal sin (Q2 a x) 1 } exp(Ql 101 x) e-iallda, 
(49.2) 
1 1+00 uz =- (-a2 )10 1(o)cos(Q2 ox ) 21r -00 
+ 02(Q)sin (Q2 a x) 1 e,xp(Ql 101 x) e-iaYda , 
and noting that 
a2u aT au au %Y Z II 
a y2 = S66 a y - ( S12 a x + S22 a; ) , (50) 
one may obtain the following integral equation to determine G2 
20 
!, G2(t) 112 L t- II dt = P2(Y) , (y E L) (51) 
where for materials of type 1 
h 1 
112 = 1r 822q3q4(q3 + q4) . 
(52.1) 
for materials of type 2 
h 1 
Il =- 2 2 
2 1r 2 822 q} (q} + q2 ) 
(52.2) 
Equation (51) must be solved under the following single-valued ness 
conditions, 
j d. I G 2(y)dy = 0, 
C. 
I 
( i = 1,2, •.. , n ) . 
2.3 The line-spring model for surface crack 
(53) 
The most general description of the line-spring model introduced in [1] has 
been given in [11]. In 'a plate containing a part-through crack and subjected to 
membrane and bending loads, the net ligament (the uncracked portion) around 
the crack would generally have a constraining effect on the crack surface 
displacement. By approximately representing the net-ligament stress as a 
membrane load N and a bending moment M and the crack surface displacement 
due to Nand M as an opening 6 and a rotation fJ, the three-dimensional crack 
problem could be reduced to a two-dimensional coupled bending-membrane plate 
21 
problem. Furthermore, assuming that the relationship between (N,M) and (6,0) 
may be found through the plane strain results obtained from the solution of an 
edge-notched strip, the pair of functions (6,0) and (M,N), then, are determined 
from the corresponding mixed boundary value problem for a plate having a 
through crack in which Nand M are treated as unknown crack surface loads. 
Let the stress intensity factor for the plane strain problem in Fig. (2.b) be 
given as 
K(s) = Jh I (J gt(s) + m gb(s) I , (54) 
'(!I) = L(!I)/h, (55) 
where functious gb(s) and g/(') are called the shape functions for tension 
and bending, respectively and given as: 
n 
gt(s) = fu'~ AT. 6 2(j-l) ~ I ' (56.a) 
j=1 
n 
gb(6) = ful: AB j 62(j-l). (56.b) 
;=1 
The coefficients AT j and AB j can be found by applying a suitable curve 
fitting to the results obtained from [12] which are valid for 
o < Lol h < 0.8. 
Referring to [13], the strain energy release rate G1 in an orthotropic 
medium may be obtained as: 
22 
1 1 
611622 2 622 2 2612+666 2 
G1=K/(--) 1(6) + 26 I =K/l/Jl.3 2 11 11 (57) 
where Kl is the stress intensity factor and the elastic constants 6 .. are 
IJ 
givens by (see equation(!)) 
533S22-523 
611 = 5 
22 
5 2 5 11 S22- 12 6 -22 - 5
22 
612 =555 , 
5 13S22- 5 12523 
666 = 5 
22 
1 1 
611622 2 622 2 2612 + 666 
Jl.3 = ( -2 - ) 1 ( b) + 26 I 
11 11 
1 
2 
Also, the energy available for fracture can be expressed as: 
8 1 86 80 
G1 = 8L (U - V) = 2 (N 8L + M 8L)· 
Combining now (57) and (59) and using (54) we obtain 
1 2 1 8 a h 20 
- ( (12 g/ + 2(1mgb gt + m gb2 ) = 21 (1 8L ( h6) + m 8L (""6) I 
Jl.3 
From (60) it can be shown that 
23 
(58) 
(59) 
(60) 
h 1 
- 0 = 2h - ( 0bbm + 0btO' ) , 
6 1-'3 
1 
6 = 2h - ( 0tbm + OttO' ) , 
1-'3 
where 0.· are the compliance coefficients and are given by 
'J 
1 (L 
O;j="hl
o 
g;gjdL, (i,i=b,t). 
From (28) and (48) it may be seen that 
0=2I/1:1:(0,y) =21" G1(t)dt, 
, 
6=2U(O,Y)=21" G2(t)dt. 
, 
Solving (61) for 0' and m and substituting from (63), we obtain 
h
2 
h
2 
/" h /" M(y)=-m=1-'3i-7bb G1(t)dt+-7bt G2(t)dt], 6 36 c. 6 c. , , 
h /" /" N(y)=hO'=1-' 3 i-7tb G1(t)dt+1 tt G2(t)dtj, 6 c. c. , , 
24 
(61) 
(62) 
(63) 
(64) 
,. 
Q bb 
1bb = [;' 
Qtb 
1tb= -[;, 
Qbt 
1bt = -[;' 
Qtt 
1bb = [;, 
2 II = Qbb Qtt - Qbt • (65) 
One should keep in mind that Qii' consequently 1ij are fuctions of L{y)/y 
and that L{y) describes the surface crack profile. 
As an example let us now consider a plate containing a single surface 
crack, as shown in Fig. 2. By using this model, the crack may be assumed to 
be a through crack of length 2a and the constraint caused by the net ligament 
may be accounted for by applying the membrane and bending resultants N(y) 
and M(y) on the crack surfaces. One may note that these net ligament stresses 
tend to prevent the crack face from opening and rotating. The mixed boundary 
condition corresponding to (27) and (47) may be expressed as 
Mzz = Gl(y) + M(y) , -a < Y < a 
(66) 
,pz (D,y) = 0, Iyl > a 
and 
Nzz (D,y) = G2 (y) + N(y) , -a < y < a (67) 
u(D,y) = D. Iyl > a 
The integral equstions, corresponding to (32) and (51) then become 
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1/1 1 III ! - + k(U,t)] G 1 (t)dt = PI (y) + M(U) , _/I t-u lui < a (68.a) 
1/1 1 112 -/I! t-u] G2(t) dt = P2(U) + N(y) , lui < a (68.b) 
where 
h
2 1" h /" M(u) = 113 ! 36'bb _/I GI (t) dt + 6'bt _/I G2 (t) dt], (68.e) 
h /" 1" N(u) = 113 1'61tb _/I G1 (t) dt +'" _/I G2 (t) dt]. (68.d) 
As seen from (68) in the surface crack problem the integral equation for 
bending and tension are coupled. 
2.4 Two special cases of surface cracks 
As mentioned earlier, integral equations for the general case given in (32) 
and (51) are valid for any number of collinear cracks. But in this study, for the 
purpose of simplification, we only consider two special cases: a single symmetric 
crack and two arbitrarily arranged collinear cracks. 
In the first case, referring to Fig. 2, assuming the plate subjected to the 
uniform bending MOO and tension N°O and introducing the following change in 
variables 
26 
1=- , 
a 
Y 8=-, 
a 
-a < ( t,y ) < a , 
-I < ( 1,8 ) < I , 
G j ( t ) = gj ( 1) , ( i = 1,2) , 
k(y,t)=k1(8,r), 
from(68), we obtain: 
h
2 J' Jl I P3'>6'bb a gl(1)d1-P 1 [-+ak 1(8,r)]gl(1)d1 
0) -1 -1 1-' 
h J' +P3'6'bt a _l g2(r)dr=AF, 
h J' Jl I J' P3-6 'tb a gl(r)dr-1l2 -:-g2(r)dr+ 1l3'tta g2(r)dr= f?O. 
-1 -l r 8 -1 
(69) 
(70.a) 
(70.b) 
It is seen that (70) has a simple Cauchy kernel and hence the solution of 
the integral equation is of the following form 
hj( 1) 
g.(r) =--
I --' VI - 12 
(i=I,2) , -I < r < 1. (71) 
Equations (70) may be solved numerically by using the quadrature 
formulas given , for example, in [9], under the additional conditions: 
Jl g.(1)d1=0, -1 I (i=I,2). (72) 
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After solving (70) for gl and g2' the stress and moment resultants M(y), 
N(y) may be obtained from (64), and the stress intensity factor K(v) along the 
crack front is then determined from (54). 
The configuration and parameters of the second special case are shown m 
Fig. 3. In this case the unknown functions G j should be defined separately for 
cracks (A,B) and (C,D) as: 
G ll derivative of the crack surface rotation for the crack (A,B); 
G2l derivative of the crack opening displacement for the crack (A,B); 
G l2 derivative of the crack suface rotation for the crack (C,D); 
G22 : derivative of the crack opening displacement for the crack (C,D); 
also let N(x) and M(x) for these two cracks be defined separately as follows: 
Nl(x) N(x) for the crack (A,B); 
N2{x) N{x) for the crack (C,D); 
Ml(x) : M(x) for the crack (A,B); 
M2{x) : M(x) for the crack (C,D). 
For crack (A,B) the system equation can then be written as: 
l B 1 Ml(Vl ) - III A 1 t-VI + k (vI,t)] Gu(t)dt 
{D 1 
- Il} J
c 
1 t-VI + k (Vl't ) ] GI2 (t)dt = W, 
l B 1 ID 1 NI(V I ) - 112 1-=-] G2I (t)dt - 112 -=- G22 (t)dt = IF, A t V} C t II} (73) 
A < II} < B 
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similarly for crack (C,D) we have 
JB 1 M2(V2)-IL 1 A It - v2 +k(V2,t)jGl1 (t)dt 
I D 1 - III C I t-V2 + k (v2,t) I G12(t)dt = AF, 
JB 1 ID 1 N2(V2) - IL2 I-I G2l (t)dt - 112 -G22 (t)dt =~, A t-Y2 c t-Y2 (74) 
C < V2 < D 
where 
h
2 1 IIi h 1 IIi Mj (v) =!L3 I -'bb Gli (t) dt + -'bl G2i (t) dt J, 36 c. 6 c. , , 
hili. . 111. 
N j (Y)=!L3 1-'tb 'Gli(t)dt+'tt 'G2i (t)dtj. 6 c. c. (75) , , 
Again, we have to convert the limits of int.egrals to (-1,1) for mumerical 
solution by introducing the following parameters: 
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B-A B+A 
t =--r +--=ar +(a+d/2) 
1 2 1 2 1 ' 
B-A B+A 
111 =-2- 61 +-2-= a'l + (a +d/2), 
D-C D+C 
t2 = -2- r2 + -2- = cr2 + (e + d/2)' 
D-C D+C 
112 = -2-'2 + -2- = e'2 + (c + d/2) , 
Gii(t k ) = gij(rk ), 
k .. (r.".) = k(t.,,,.), 
'1 1 1 1 1 
1 bit,,) = "\bi(') . ( i, j, k = 1,2 ) (76) 
Substituting from (75) into (73) and (74) we find 
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" 
h
2 1'1 11 1 ' 
all3 36 ~bb gl1(11)d11 -Ill 1-_-+ a ku (11"1)] gl1 (11) d11 
-1 -1 1  '1 
/
1 h l' 
- III Fl (12"1) g12 ( 12 ) d12 + all3 - ~bt g21(11 ) d11 = J.F , 
-1 6 -1 
(77) 
-1 < '1 < 1 
h 1'1 /1 1 
all3 -~tb gl1(11)d11 -1l2 1--g21 (11)d11 6 -1 -1 1 -'1 
/
1 1'1 
- 112 F2(12"I) g22(12)d12 + all3~tt g21(11)d11 = IF' , 
-I -I 
(7S) 
-1 < 'I < 1 
h
2 1'2 /1 1 
ell 3 -6 ~bb g12(T2)d12 - III 1-_-+ ek22 (T2"2)] g12(T2)d12 3 -I -IT2 '2 
11 h /'2 -Ill F3(11"2) gll(TI )d11 +e 113 - .\bt g22(12 )d12 = J.F, -I 6 -I (79) 
-1 < '2 < 1 
h /'2 /1 1 
e P,3 - ~tb gI2(12)dT2 - 112 1--1 g22(T2)d12 6 -I -IT2 -'2 
/
1 1'2 
- P,2 F4(11"2) g21(11)dTI + Cll3 ~tt g22(12)dT2 = IF' , 
-I -I 
(SO) 
-1 < '2 < 1 
where the kernels F l' F 2' F 3 and F 4 are bounded in the close interval 
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-1 ~ (Ti,Bi ) ~ -I, (i = I,2). 
This problem has four integral equations (77) -(80) with four unknown 
functions gu' g12' g21 and g22 which may be solved by using Gass-Chebyshev 
closed-type quadrature formula under the following single-valuedness conditions : 
11 g .. (t}dt=O -1 '1 ' (i,i=I,2). (8I) 
After solving for the unknown functions, the same procedure for single 
crack may be used for each crack separately in order to find stress intensity 
factors. It may be observed that if we let M. = 0 N. = 0 , , or , .. = 0, the 
'1 
integral equations (77)-(80) reduce to the system for two collinear through 
cracks in which the pair of equations corresponding to bending and tension 
would be uncoupled. One may also observe that as the distance between the 
two crack tends to infinity, the Fredholm kernels Fl" .. ,F 4 vanish and the 
integral equations corresponding to cracks (A,B) and (C,D) would again be 
uncoupled. For through cracks in the latter case one would obtain four 
uncoupled equations. 
2.5 Some remarks on the forumll1tion of the orthotropic plate 
problem 
In the previous section the general problem for an orthotropic plate IS 
formulated. The formulation is given for an orthotropic material which IS 
defined by Hook's law as expressed in (I). Since this is the first attempt to 
solve this kind problem, it is important to make the following remarks: 
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1. Unlike the classical orthotropic plate theory, here six rather than four 
material constants have been used to formulate the plate bending problem: four 
to describe the in-plane deformations names E , E , v , and G , (in terms of 
x y xy xy 
engineering material constants) and two to describe the out-of-plane 
deformations, namely G
n 
and Gyz• In the classical bending theory Gn and GyZ 
are assumed to be infinite. 
2. Making use of the line-spring model in addition to the plate problem, 
an approximate solution is given for the three dimensional part-through crack 
problem. To do this the remaining three material coustants Ez' vzx' Vu 
(referring to Fig. 2) have also been introduced to the formulation. Thus, all 
nine material constants of orthotropy must be specified in order to solve the 
surface crack problem. 
3. As we mentioned earlier, if the plate material is isotropic, instead of 
one sixth order fundamental equation given by (11), the governing equation may 
be expressed in terms of one fourth order and one second order differential 
equation (sec, for example [2]). Thus, it is analytically impossible to arrive at 
the same isotropic plate formulation as give,n in [2] by taking the limiting case 
of the orthotropic plate formulation given in this study. However, good 
agreement is obtained with the result given in [2] by using elastic constants in 
the numerical solution of the orthotropic plate problem which are nearly the 
same as the isotropic constants. It may also be noted that if the isotropic 
material constants are substituted into the characteristic equation (17), as 
expected the roots turn out to be the same as those found in the isotropic case. 
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Chapter 3 
Results and discussion 
The main interest in this study is in evaluating the stress intensity factor 
in an orthotropic plate. The similar study for the isotropic plate has been 
considered before in [2] and [10]. However, some basic and additional results 
for this case have been studied for the purpose of comparison and extension. 
The elastic constants of the materials used in the numerical examples are 
given in Table 1. Material 1 is basically isotropic, and 2 and 3 are laminated 
composite material. Except for a 90 degree rotation of the axes of orthotropy, 
Material 2 and 3 are identical. Most of the results obtained are for loading 
conditions 
N(y) = JF, M(y) = 0, (tension) 
M(y) = AF, N(y) = o. (bending) 
The first case that is studied is the plate containing a through crack and 
two collinear through cracks. Because of t~e nature of the plate theory used in 
analysis, the stress intensity factor is a linear function of the thickness 
coordinate z [see (41)]. 
Table 8 and Fig. 4 show the effect of the thickness ratio on the stress 
int.ensity factor for a single through crack. The result for the isotropic case 
(v = 0.3) are the same as that in [10]. It is clearly seen that the orthotropic 
materials have relatively higher stress intensity factors . This is due to a higher 
G %11 in these orthotropic cases. 
Some numerical results obtained for two arbitrarily arranged collinear 
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through cracks in a plate under uniform bending are shown in Tables 9-14 and 
Figures 5-6. Tables 9-11 show the interaction between two cracks with the 
length of one crack varying for Material 1, 2 and 3 and Tables 12-14 show 
similar results with the plate thickness varying. Tables 15-16 show the results 
for a plate under uniform tension. As expected for the distance between the two 
cracks d --+ 00 the single crack results are recovered, and the stress intensity 
factor at the inner tip is always greater than at the outer tip. Figures 5 and 6 
clearly show the effect of bending due to the nonsymmetric orientation of the 
two cracks in the y direction. It is again noted that for the in-plane stretching 
problem the material orthotropy has no effect on the stress intensity factor for 
an infinite orthotropic plate containing a single crack or series of collinear 
cracks. 
After through cracks, the part-through crack problem is considered. As 
not.ed before, for the application of the line-spring model, the contour of the 
part-through crack can be any reasonable curve. Elliptic cracks are studied here 
since it is believed that the ellipse is the closest contour for the actual shape of 
the crack which may be encountered in ,practical applications. Thus, crack 
length for any cross section , referring to Fig. 2{a), is defined by 
L(V) = Lo VI - (v/a)2 I -a < V < a I 
Lo being the total crack depth at the midsection (v = 0 ). 
Tables 17-19 show the stress intC'nsity factor at v= 0 in an infinite plate 
containing a single crack under uniform tension and pure bending for Materials 
1, 2 and 3 respectively. In these cases, the stress int.ensity factors are 
normalized with respect to Koo which is the corresponding value for an edge 
crack'strip under plane strain condition with the same Lo/h ratio [Fig. 2{b)]. 
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Note that the limiting values of these stress intensity factors are 
a 
K-+ 0, for --+ 0 
h ' 
a 
K -+ K oo , for "h-+ 00. 
It should be noted in this case that because of crack closure on the 
compressIOn side, taken separately the bending results are meaningless. 
However, they may be used by superposition with tension results which are 
sufficiently large so that the stress intensity factor on both sides of the crack 
are positive. The coefficients of the shape functions gb and 9t for these three 
materials are listed in Tables 3, 5 and 7 which is based on the stress intensity 
factors shown in Tables 2, 4 and 6. 
Figures 7 and 8 clearly show the comparison of different material on the 
stress intensity factor for Lol h varying from 0.2 - o.s. As expected under 
bending the crack faces would be closed on the compression side; therefore, for 
deep cracks the stress intensity factor in an isotropic medium becomes negative. 
From Tables 18 and 19 and Figures 8 and 9 we have found that the stress 
intensity factor obtains the negative value as the Lol h larger than 0.5. 
Some results regarding the distribution of the normalized stress intensity 
factor at the crack front for a single semi-elliptic surface crack are given in 
Table 20. 
The results for two collinear semi-elliptic. surface cracks are shown 10 
Tables 21-26. Here the crack profile is defined by 
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.' 
L(y) = LoV1- y2, 
U-(VB+UA}/2 U-(B+A}/2 
y= = , (UB-UA}/2 (B-A}/2 
U-(VD+UC}/2 U-(D+C}/2 
y= (UD-UC}/2 = (D-C}/2 ' 
A< U< B, 
C< U< D. 
Results for the interaction of these two collinear, semi-elliptic surface 
cracks with the distance between them varying from d/a = 0.1 - 00 and the 
length of one crack varying from cia = 0.1 - 1. under tension or bending have 
been tabulated in Tables 21-23 for material 1, 2 and 3 respectively. The effect 
of Lo/ h on the normalized stress intensity factor for the case of these two 
collinear cracks has also been considered. Tables 24-26 show this effect for the 
case of two identical collinear cracks. It may be observed again from all of 
these tables that the material orthotropy does have significant effect on the 
fracture parameter for the surface crack. 
Finally, an additional example has been given for a crystalline material 
TOPAZ [ Sio .. AL2 (F,OH)2 ] which has an orthohomibiz system behavior. The 
material const.ants of TOPAZ, given by [14], are as follows: 
Material 4 
Sl1=4.43 
S"4=9.25 
S12=-1.38 
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(unit 10.13 cm2 jdyne ) 
S22=3.53 
S55=7.52 
SI3=-0.86 
S33=3.84 
S66=7.63 
S23=-0.66 
Material 5 
S11=3.53 
S44=7.52 
SI2=-1.38 
S22=4.43 
S55=9.25 
SI3=-0.66 
S33=3.84 
S66=7.63 
S23=-0.86 
Note that the only difference between Material 4 and Material 5 is a 90 
degree rotation of orthotropy. Table 27 shows the effect of the thickness ratio 
o/h on the stress intensity factor in a single through cracked plate under 
uniform bending for Material 4 and Material 5. and Table 28 shows the effect 
of Lo/h on the normalized stress intensity factor at the deepest penetration 
point of a semi-elliptic surface crack under uniform tension and bending 
moment. It may be seen from these tables that there is no important difference 
between these two kinds of orthotropy orientations, as this material does not 
have strong orthotropic material properties. 
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Tables and Figures 
Table 1: Elastic constants of the materials used in the examples 
Mat.l Mat.2 Mat.3 
Ex pSI 2.2447.106 5.86.106 22.2.106 
GPa 15.477 40.405 153.069 
Ey psi 2.26.106 22.2.106 5.86.106 
GPa 15.583 153.069 40.405 
E pSI z 2.26.10
6 3.3.106 3.3.106 
GPa 15.583 22.754 22.754 
GXY psi 0.866.10
6 4.25.106 4.25.106 
GPa 5.971 29.304 29.304 
GyZ pSI 0.866.10
6 0.592.106 0.225.106 
GPa 5.971 4.082 1.551 
Gxz psi 0.866.106 0.225.106 0.592.106 
GPa 5.971 1.551 4.082 
IIxy 0.3 0.484 1.834 
lIyz 0.3 0.195 0.261 
IIxz 0.3 0.261 0.195 
" 
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Table 2: The coefficients of ATi and ABi for the shape 
functions g, and gb (Material 1) 
ATi AB. I 
1 1.122 1.120 
2 6.520 -1.887 
3 -12.388 18.014 
4 89.055 -87.385 
5 -188.608 241.912 
6 207.387 -319.940 
7 -32.052 168.011 
Table 3: Stress intensity factors in an edge crack under 
tension (N) or bending (M), (Material 1) 
L 
-h 
0.001 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
N ( 0'=-;;, 6M m=2"' 
h 
KN 
-
uVL 
1.122 
1.189 
1.367 
1.660 
2.111 
2.825 
4.033 
6.355 
11.955 
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) 
KM 
mVL 
1.120 
1.047 
1.055 
1.124 
1.261 
1.498 
1.915 
2.728 
4.691 
Table 4: The coefficients of A T j and AB j for the shape 
functions g, and gb (Material 2) 
" 
AT. AB j I 
1 1.047 1.043 
2 7.639 -1.610 
3 -27.969 17.276 
4 175.360 -84.989 
5 -439.451 232.556 
6 557.540 -304.196 
7 -222.80 158.307 
Table 5: Stress intensity factors in an edge crack under 
tension (N) or bending (M), (Material 2) 
N 6M (0-=-, m=- ) 
h h2 
L KN KM 
h uVL mVL 
0.001 1.042 1.041 
0.1 1.129 0.992 
0.2 1.318 1.013 
0.3 1.607 1.083 
0.4 2.042 1.211 
0.5 2.721 1.430 
0.6 3.860 1.814 
0.7 6.038 2.563 
0.8 11.277 4.372 
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Table 6: The coefficients of A T j and AB j for the shape 
functions gt and gb (Material 3) 
AT j AB j 
1 1.055 1.051 
2 7.461 -1.664 
3 -25.426 17.517 
4 160.659 -85.711 
5 -396.808 234.182 
6 498.577 -306.252 
7 -191.359 159.403 
Table 7: Stress intensity factors in an edge crack under 
tension (N) or bending (M), (Material 3) 
N 6M ) ( u=h' m=-
h2 
L KN KAt 
h ITVL mVL 
0.001 1.050 1.049 
0.1 1.134 0.996 
0.2 1.321 1.016 
0.3 1.611 1.086 
0.4 2.048 1.215 
0.5 2.730 1.436 
0.6 3.876 1.823 
0.7 6.068 2.577 
0.8 11.350 4.402 
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" 
Table 8: The effect of the thickness ratio on the stress intensity 
factor in a plate under uniform bending, containing 
a single crack, O'b= 6Mo/h2 
II 
Mat. 1 Mat.2 Mat.3 h 
0.05 0.9885 0.9992 0.9987 
0.1 0.9676 0.9974 0.9957 
0.25 0.8992 0.9886 0.9823 
0.5 0.8195 0.9689 0.9548 
k} 
(lb Va 
1 0.7477 0.9276 0.9050 
2 0.7003 0.8664 0.8434 
4 0.6701 0.8086 0.7942 
6 0.6446 0.7776 0.7657 
10 0.6481 0.7166 0.7044 
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Table 9: Stress intensity factors in a plate containing two collinear cracks 
subjected to uniform bending moment Mo ( Material 1) 
B-A D-C ~=1 ) ( a=-, c=-2-' d=C-B, 2 
d 
- -+ 0.1 0.25 0.5 1 2 00 
11 
C 
11 
1 0.8799 0.8551 0.8313 0.8045 0.7798 0.7477 
kU 
17V;; 
0.5 0.8071 0.7938 0.7821 0.7698 0.7593 0.7477 
0.25 0.7711 0.7647 0.7598 0.7551 0.7513 0.7477 
0.1 0.7532 0.7512 0.7500 0.7490 0.7482 0.7477 
1 1.294 1.076 0.9599 0.8697 0.8049 0.7477 
klB 
17V;; 
0.5 1.063 0.9143 0.8458 0.7995 0.7698 0.7477 
0.25 0.9161 0.8220 0.7863 0.7663 0.7550 0.7477 
0.1 0.8088 0.7678 0.7563 0.7514 0.7489 0.7477 
1 1.294 1.076 0~9599 0.8697 0.8049 0.7477 
klC 0.5 1.012 0.8405 0.7498 0.6786 0.6261 0.5794 
17V;; 
0.25 0.7990 0.6595 0.5867 0.5297 0.4872 0.4496 
0.1 0.5647 0.4577 0.4037 0.3627 0.3325 0.3060 
1 0.8799 0.8551 0.8313 0.8045 0.7798 0.7477 
klD 
0.5 
17V;; 
0.7395 0.7071 0.6771 0.6434 0.6132 0.5794 
0.25 0.6275 0.5867 0.5507 0.5135 0.4816 0.4496 
0.1 0.4817 0.4293 0.3917 0.3577 0.3308 0.3060 
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Table 10: Stress intensity factors in a plate containing two collinear cracks 
(. 
subjected to uniform bending moment Mo (Material 2) 
B-A D-C /I ( a=-, c=-, d=C-B, - =1 ) 2 2 h 
d 
- -+ 0.1 0.25 0.5 1 2 00 
/I 
C 
/I 
1 1.051 1.023 1.001 0.9782 0.9590 0.9276 
klA 
vv'; 
0.5 0.9814 0.9658 0.9546 0.9451 0.9373 0.9276 
0.25 0.9488 0.9411 0.9363 0.9328 0.9305 0.9276 
0.1 0.9329 0.9305 0.9293 0.9285 0.9280 0.9276 
1 1.591 1.274 1.122 1.029 0.9773 0.9276 
klB 
vv'; 
0.5 1.320 1.106 1.015 0.9665 0.9441 0.9276 
0.25 1.137 1.008 0.9614 0.9405 0.9325 0.9276 
0.1 1.003 0.9500 0.9353 0.9301 0.9284 0.9276 
1 1.591 1.274 1.122 1.029 0.9773 0.9276 
k1C 
vv'; 
0.5 1.221 0.9665 0.8424 0.7658 0.7240 0.6851 
0.25 0.9261 0.7202 0.6188 0.5567 0.5236 0.4943 
0.1 0.6327 0.4774 0.4023 0.3577 0.3348 0.3154 
1 1.051 1.023 1.001 0.9782 0.9590 0.9276 
kID 
vv'; 
0.5 0.8441 0.8019 0.7687 0.7386 0.7151 0.6851 
0.25 0.6817 0.6228 0.5790 0.5436 0.5201 0.4943 
0.1 0.5143 0.4375 0.3880 0.3535 0.3335 0.3154 
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Table 11: Stress intensity factors in a plate containing two collinear cracks 
sUbjected to uniform bending moment Mo (Material 3) 
B-A D-C G ( a=-, c=-, d=C-B, - =1 ) 2 2 h 
d 
- --+ 0.1 0.25 0.5 1 2 00 
G 
C 
G 
1 1.031 1.004 0.9821 0.9582 0.9375 0.9050 
ku 
t1y;' 
0.5 0.9595 0.9442 0.9332 0.9238 0.9152 0.9050 
0.25 0.9263 0.9188 0.9141 0.9106 0.9083 0.9050 
0.1 0.9194 0.9080 0.9068 0.9060 0.9059 0.9050 
1 1.547 1.246 1.101 1.011 0.9581 0.9050 
klB 
t1y;' 
0.5 1.287 1.080 0.9917 0.9452 0.9228 0.9050 
0.25 1.111 0.9841 0.9385 0.9183 0.9103 0.9050 
0.1 0.9103 0.9271 0.9127 0.9076 0.9054 0.9050 
1 1.547 1.246 1.101 1.011 0.9581 0.9050 
k lC 0.5 1.206 0.9550 0.8301 0.7507 0.7067 0.6752 
t1~; 
0.25 0.9205 0.7171 0.6150 0.5505 0.5154 0.4912 
0.1 0.6308 0.4775 0.4019 0.3555 0.3311 0.3149 
1 1.031 1.004 0.9821 0.9582 0.9375 0.9050 
kID 
t1y;' 
0.5 0.8289 0.7869 0.7529 0.7216 0.6981 0.6752 
0.25 0.6777 0.6187 0.5736 0.5364 0.5116 0.4912 
0.1 0.5140 0.4375 0.3872 0.3510 0.3300 0.3149 
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Table 12: The effect of the thickness ratio on the stress intensity factors 
under uniform bending moment Mo (Material 1) 
B-A D-C c (a=-, c=-, d=C-B, -=0.5) 224 
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Table 13: The effect of the thickness ratio on the stress intensity factors 
under uniform bending moment Mo (Material 2) 
B-A D-C c (0=-2-' c=-, d=C-B, -=0.5) 2 a 
d 
- -+ 0.1 0.25 0.5 1 2 00 
a 
a 
h 
0.5 1.027 1.009 0.9956 0.9849 0.9772 0.9689 
klA 
1 0.9814 0.9658 0.9546 0.9451 0.9373 0.9276 
uV; 
2 0.9226 0.9087 0.8958 0.8890 0.8865 0.8664 
0.5 1.390 1.160 1.061 1.008 0.9836 0.9689 
klB 
1 1.320 1.106 1.015 0.9665 0.9441 0.9276 
uV; 
2 1.227 1.036 0.9550 0.9100 0.8771 0.8664 
0.5 1.279 1.002 0.8652 0.7796 0.7336 0.6990 
k1C 1 1.221 0.9665 0.8424 0.7658 0.7240 0.6851 
"V; 
2 1.148 0.9248 0.8164 0.7462 0.7024 0.6559 
0.5 0.8692 0.8214 0.7834 0.7495 0.7250 0.6990 
kID 
1 0.8441 0.8019 0.7687 0.7386 0.7151 0.6851 
uV; 
2 0.8144 0.7792 0.7463 0.7204 0.6905 0.6559 
48 
Table 14: The effect of the thickness ratio on the stress intensity factors 
under uniform bending moment Mo (Material 3) 
B-A D-C c (a=-, c=-, d=C-B, -=0.5) 2 2 a 
d 0.25 - -+ 0.1 0.5 1 2 00 
a 
a 
h 
0.5 1.011 0.9942 0.9817 0.9713 0.9701 0.9548 
klA 
1 
uVa 0.9595 0.9442 0.9332 0.9238 0.9152 0.9050 
2 0.9006 0.8867 0.8720 0.8671 0.8530 0.8433 
0.5 1.371 1.143 1.046 0.9937 0.9638 0.9548 
klB 
1 1.287 1.080 0.9917 0.9452 0.9228 0.9050 
uVa 
2 1.188 1.009 0.9323 0.8880 0.8638 0.8433 
0.5 1.274 1.000 0.8641 0.7773 0.7293 0.6946 
k lC 
uVa 1 1.206 0.9550 0.8301 0.7507 0.7067 0.6752 
2 1.106 ,0.8840 0.7743 0.7049 0.6668 0.6400 
0.5 0.8671 0.8193 0.7809 0.7460 0.7200 0.6946 
kID 
uVa 1 0.8289 0.7869 0.7529 0.7216 0.6981 0.6752 
2 0.7688 0.7341 0.7056 0.6791 0.6592 0.6400 
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Table 15: Stress intensity factors in a plate containing two collinear cracks 
subjected to uniform tension No 
B-A D-C a (a=-, c=-, d=C·B, -=1) 2 2 h 
d 0.25 0.5 - ....... 0.1 1 2 00 
a 
c 
a 
1 1.151 1.112 1.0811 1.052 1.028 1.000 
k}A 
0.5 1.066 1.045 
uVa 1.030 1.018 1.009 1.000 
0.25 1.026 1.016 1.010 1.005 1.003 1.000 
0.1 1.007 1.004 1.002 1.001 1.000 1.000 
1 1.795 1.414 1.229 1.113 1.048 1.000 
klB 
uVa 0.5 1.449 1.206 1.100 1.043 1.016 1.000 
0.25 1.234 1.090 1.038 1.014 1.005 1.000 
0.1 1.083 1.025 1.009 1.003 1.001 1.000 
1 1.795 1.414 ].229 1.113 1.048 1.000 
k 1C 0.5 ].329 1.035 0.8889 0.7962 0.7446 0.7071 
uVa 
0.25 0.99]5 0.7595 0.5955 0.5683 0.5280 0.5000 
0.] 0.6732 0.5006 0.415] 0.3624 0.3349 0.3162 
1 1.151 1.112 1.0811 1.052 1.028 1.000 
kID 
uVa 0.5 0.8956 0.8429 0.8007 0.7626 0.7347 0.7071 
0.25 0.7170 0.6480 0.6425 0.5524 0.5235 0.5000 
0.1 0.5422 0.4557 0.3985 0.3573 0.3336 0.3162 
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Table 16: The effect of the thickness ratio on the stress intensity factors 
under uniform tension No 
B-A . D-C c (a=-2-' c=-2-' d=C-B, ;=0.5) . 
d 0.25 --0.1 0.5 1 2 00 
c 
c 
-h 
0.5 1.066 1.045 1.030 1.018 1.009 1.000 
klA 
1 (TVa 1.066 1.045 1.030 1.018 1.009 1.000 
2 1.066 1.045 1.030 1.018 1.009 1.000 
0.5 1.449 1.206 1.100 1.043 1.016 1.000 
klB 
1 1.449 1.206 1.100 1.043 1.016 1.000 (TVa 
2 1.449 1.206 1.100 1.043 1.016 1.000 
0.5 1.329 1.035 0.8890 0.7962 0.7446 0.7071 
k)C 
1 1.329 1.035 0.8890 0.7962 0.7446 0.7071 (TVa 
2 1.329 1.035 0.8890 0.7962 0.7446 0.7071 
0.5 0.896 0.843 0.801 0.763 0.735 0.7071 
kID 
1 0.896 0.843 0.801 0.763 0.735 0.7071 (TVa 
2 0.896 0.843 0.801 0.763 0.735 0.7071 
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Table 17: Stress intensity factors at the maximum penetration point of 
a semi-elliptic surface crack in an infinite plate under uniform 
tension or pure bending (Material 1) 
LO 
-;;-{).2 0.4 0.6 0.8 
a 
-h 
0.1 0.378 0.060 -0.039 -0.0296 
0.25 0.585 0.184 -0.003 -0.0345 
Klb 
0.5 0.715 0.309 0.053 -0.0287 
Koo 
1 0.811 0.446 0.136 -0.0119 
2 0.882 0.586 0.242 0.0179 
0.1 0.423 0.176 0.079 0.021 
0.25 0.613 0.284 0.124 0.034 
Klt 
0.5 0.733 0.392 0.176 0.050 
Koo 
1 0.823 0.510 0.247 0.073 
2 0.889 0.631 0.339 0.104 
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Table 18: Stress intensity factors at the maximum penetration point of 
a semi-elliptic surface crack in an infinite plate under uniform 
tension or pure bending (Material 2) 
La 
"h-n.2 0.4 0.6 0.8 
II 
h 
0.25 0.518 0.130 -0.025 -0.036 
0.5 0.675 0.255 0.019 -0.036 
1 0.798 0.409 0.097 -0.026 
Klb 
2 0.873 0.559 0.205 -0.0005 
K oo 
4 0.924 0.693 0.339 0.045 
6 0.944 0.759 0.425 0.082 
10 0.962 0.829 0.536 0.142 
0.25 0.552 0.237 0.102 0.027· 
0.5 0.697 0.345 0.147 0.039 
1 0.810 0.477 0.215 0.058 
KIt 
2 0.881 0.608 0.307 0.086 
K oo 
4 0.928 0.726 0.422 0.129 
6 0.947 0.784 0.496 0.163 
10 0.965 0.846 0.591 0.217 
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Table 19: Stress intensity factors at the maximum penetration point of 
a semi-elliptic surface crack in an infinite plate under uniform 
tension or pure bending (Material 3) 
LO 
"h-O.2 0.4 0.6 0.8 
C1 
-h 
0.25 0.629 0.212 0.0024 -0.037 
0.5 0.765 0.361 0.069 -0.031 
1 0.861 0.521 0.172 -0.103 
Klb 
2 0.913 0.660 0.299 0.028 
K oo 
4 0.948 0.775 0.446 0.090 
6 0.963 0.829 0.534 0.139 
10 0.975 0.882 0.640 0.215 
0.25 0.654 0.308 0.131 0.035 
0.5 0.780 0.435 0.191 0.051 
1 0.869 0.574 0.279 0.076 
KIt 
2 0.918 0.696 0.387 0.114 
K oo 
4 0.952 0.798 0.513 0.170 
6 0.965 0.846 0.589 0.214 
10 0.977 0.894 0.681 0.281 
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" Table 20: Normalized stress intensity factors at the crack front 
for a semi-elliptic surface crack with a/h = 1 
II Mat.l Mat.2 Mat.3 -
II 
0.924 0.509 0.498 0.544 
Klb 
0.707 0.481 0.453 0.538 
K oo 
0.383 0.450 0.416 0.522 
Lo 
0.000 0.446 0.409 0.521 
-;;=0.4 
0.924 0.396 0.391 0.419 
Ku 
0.707 0.453 0.433 0.498 
K oo 
0.383 0.491 0.461 0.549 
0.000 0.510 0.477 0.574 
0.924 0.275 0.254 0.321 
Klb 
0.707 0.211 0.183 0.257 
K oo 
0.383 0.154 0.121 0.195 
Lo 
0.000 0.136 0.097 0.172 
-;;=0.6 
0.924 0.210 0.200 0.243 
KlI 
0.707 0.224 0.203 0.258 
K oo 
0.383 0.239 0.212 0.273 
0.000 0.247 0.215 0.279 
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Table 21: The interaction between two cracks on the normalized stress 
intensity factors at the deepst penetration point of a semi-
elliptic surface crack under uniform bending or tension 
(Material 1) 
B-A D-C oQ 
a =--, e = -- d = C-B, - = 1 
2 2 ' h 
B+A D+C Lo 
IfOab = -2-' If Oed = -2-' h = 0.5 
d -~0.1 0.25 0.5 1 2 00 
a 
e 
a 
1 0.313 0.306 0.299 0.290 0.283 0.272 
KOab(B) 
0.5 0.292 0.287 0.282 0.278 0.274 0.272 
K oo 
0.25 0.280 0.275 0.275 0.273 0.272 0.272 
0.1 0.273 0.273 0.272 0.272 0.272 0.272 
1 0.313 0.301 0.299 0.290 0.283 0.272 
K (B) 
Oed 0.5 0.197 0.188 0.179 0.171 0.164 0.160 
Koo 
0.25 0.101 0.091 0.083 0.076 0.072 0.069 
0.1 0.012 0.0045 -0.0004 -0.0038 -0.0057 -0.0058 
1 0.397 0.392 0.386 0.379 0.374 0.366 
Koab(T) 
0.5 0.382 0.378 0.375 0.371 0.368 0.366 
Koo 
0.25 0.373 0.371 0.369 0.368 0.366 0.366 
0.1 0.367 0.367 0.366 0.366 0.366 0.366 
1 0.397 0.392 0.386 0.379 0.374 0.366 
Kocd(T) 
0.5 0.300 0.293 0.286 0.279 0.274 0.269 
Koo 
0.25 0.217 0.209 0.203 0.198 0.194 0.190 
0.1 0.136 0.130 0.126 0.124 0.124 0.123 
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Table 22: 
" 
K (B) 
Oab 
K oo 
KOed(B) 
K oo 
KOab(T) 
K oo 
KOed(T) 
K oo 
The interaction between two cracks on the normalized stress 
intensity factor at the deepst penetration point of a semi-
elliptic surface crack under uniform bending or tension 
(Material 2) 
B-A D-C a . 
a =-2-' C=-2-' d=C-B, ;;=1 
B+A D+C La 
IfOab = -2-' If Oed = -2-' h = 0.4 
d 
---+0.1 0.25 0.5 1 2 00 
a 
c 
a 
1 0.444 0.437 0.430 0.423 0.417 0.409 
0.5 0.430 0.425 0.420 0.416 0.412 0.409 
0.25 0.419 0.416 0.414 0.412 0.410 0.409 
0.1 0.412 0.411 0.410 0.410 0.410 0.409 
1 0.444 0.437 0.430 0.423 0.417 0.409 
0.5 0.298 0.287 0.277 0.268 0.262 0.255 
0.25 0.171 0.158 0.148 0.140 0.135 0.130 
0.1 0.054 0.043 0.036 0.032 0.029 0.027 
1 0.505 0.500 0.494 0.488 0.483 0.477 
0.5 0.494 0.490 0.486 0.482 0.479 0.477 
0.25 0.485 0.482 0.480 0.479 0.478 0.477 
0.1 0.479 0.478 0.477 0.477 0.477 0.477 
1 0.505 0.500 0.494 0.488 0.483 0.477 
0.5 0.380 0.370 0.362 0.355 0.350 0.345 
0.25 0.270 0.260 0.252 0.245 0.241 0.237 
0.1 0.168 0.160 0.154 0.150 0.148 0.146 
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Table 23: The interaction between two cracks on the normalized stress 
intensity factors at the deepst penetration point of a semi-
elliptic surface crack under uniform bending or tension 
( Material 3) 
B-A D-C a 
a=- c=- d=C-B -=1 2 ' 2 ' , h 
B+A D+C Lo 
!lOab = -2-' !lOed = -2-' -;;=0.4 
d 
- -+ 0.1 0.25 0.5 1 2 00 
a 
c 
a 
1 0.554 0.548 0.542 0.535 0.530 0.522 
KOab(B) 
0.5 0.542 0.537 0.533 0.529 0.525 0.522 
K oo 
0.25 0.532 0.529 0.527 0.524 0.523 0.522 
0.1 0.525 0.524 0.523 0.522 0.522 0.522 
1 0.554 0.548 0.542 0.535 0.530 0.522 
KOed(B) 
0.5 0.403 0.393 0.383 0.374 0.367 0.361 
K oo 
0.25 0.256 0.242 0.231 0.223 0.217 212 
0.1 0.103 0.091 0.083 0.078 0.074 0.072 
1 0.600 0.596 0.591 0.585 0.581 0.574 
K b(T) Oa 0.5 0.591 0.587 0.583 0.580 0.577 0.574 
Koo 
0.25 0.582 0.580 0.578 0.576 0.575 0.574 
0.1 0.576 0.576 0.575 0.575 0.575 0.574 
1 0.600 0.596 0.591 0.585 0.581 0.574 
K d(T) Oe 0.5 0.470 0.461 0.453 0.446 0.440 0.435 
Koo 
0.25 0.343 0.332 0.324 0.316 0.312 0.308 
0.1 0.211 0.202 0.196 0.192 0.189 0.187 
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Table 24: The effect of Lo/h on the normalized stress intensity factors at 
KOab(B) 
K oo 
KOab (1) 
K oo 
the maximum penetration point of two identical collinear semi-
elliptic surface cracks under uniform tension or bending 
(Material 1) 
B+A B-A a 4 
II =- a=- d=C-B -=1 -=1 Oab 2' 2 ' 'c' h 
LO 
h~0.2 0.4 0.5 0.6 0.8 
d 
a 
0.1 0.832 0.488 0.313 0.165 -0.005 
0.25 0.829 0.481 0.306 0.159 -0.006 
0.5 0.826 0.470 0.299 0.153 -0.008 
1 0.821 0.465 0.290 0.147 -0.009 
2 0.816 0.456 0.283 0.141 -0.010 
00 0.811 0.446 0.272 0.135 -0.011 
0.1 0.842 0.545 0.397 0.270 0.0755 
0.25 0.840 0.540 0.392 0.266 0.0764 
0.5 0.837 0.533 0.386 0.261 0.0753 
1 0.833 0.526 0.379 0.256 0.0742 
2 0.828 0.518 0.374 0.252 0.0733 
00 0.823 0.511 0.366 0.247 0.0725 
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Table 25: The effect of Lo/h on the normalized stres3 intensity factors at 
the maximum penetration point of two identical collinear semi-
elliptic surface cracks under uniform tension or bending 
(Material 2) 
B+A B-A a a 
"0 b = --, a = --, d = C-B, - = 1, - = 1 
a 2 2 c h 
LO 
1:-0.2 0.4 0.6 0.8 
d 
a 
0.1 0.815 0.444 0.121 -0.021 
0.25 0.812 0.437 0.115 -0.0224 
0.5 0.809 0.430 0.110 -0.0235 
KOab(B) 
1 0.806 0.423 0.105 -0.0245 
Koo 
2 0.802 0.417 0.101 -0.0253 
00 0.798 0.409 0.097 -0.0260 
0.1 0.826 . 0.505 0.234 0.0622 
0.25 0.823 0.500 0.230 0.0611 
0.5 0.820 0.494 0.226 0.0602 
K
oab(71 
1 0.817 0.488 0.222 0.0592 
Koo 
2 0.8]4 0.483 0.219 0.0585 
00 0.810 0.477 0.215 0.0578 
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Table 26: The effect of Lo/h on the normalized stress intensity factors at 
the maximum penetration point of two identical collinear semi-
elliptic surface cracks under uniform tension or bending 
(Material 3) 
B+A B-A c c 
flOab = -2-' a = -2-' d=C- B, ; = 1, h = 1 
LO 
-;;-0.2 0.4 0.6 0.8 
d 
c 
0.1 0.873 0.554 0.201 -0.0026 
0.25 0.871 0.548 0.194 -0.0045 
0.5 0.869 0.542 0.189 -0.0062 
KOab(B) 
1 0.866 0.535 0.183 -0.0078 
K oo 
2 0.864 0.530 0.178 -0.009 
00 0.861 0.522 0.172 -0.0103 
0.1 0.880 '0.600 0.301 0.0822 
0.25 0.878 0.596 0.297 0.081 
0.5 0.876 0.591 0.292 0.0793 
KOab(T) 
1 0.874 0.585 0.288 0.080 
K oo 
2 0.872 0.581 0.283 0.0;7 
00 0.869 0.574 0.279 0.076 
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Table 27: The effect of the thickness ratio on the stress intensity 
factor in a plate under uniform bending, containing a 
single crack, O'b = 6Mol h2 (Material 4 and Material 5) 
G 
Mat.1 Mat.4 Mat.5 h 
0.05 0.9885 0.9894 0.9878 
0.125 0.9559 0.9591 0.9536 
0.25 0.8992 0.9059 0.8950 
k} (hl2l 
(fbVa 
0.5 0.8195 0.8293 0.8144 
1 0.7477 0.7571 0.7432 
2 0.7003 0.7015 0.6911 
4 0.6701 0.6733 0.6675 
8 0.6521 0.5916 0.5864 
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Table 28: Stress intensity factors at the maximum penetration point of 
" a semi-elliptic surface crack in an infinite plate under uniform 
tension or pure bending (Material 4 and Material 5) 
,~ 
Lo 
-,;-+0.2 0.4 0.6 0.8 
(I 
h 
0.5 0.710 0.303 0.049 -0.029 
1 0.809 0.441 0.130 -0.013 
Ku 
2 0.872 0.575 0.233 0.015 
Koc 
4 0.923 0.704 0.365 0.062 
6 0.946 0.776 0.458 0.101 
Mat.4 
0.5 0.729 0.387 0.173 0.049 
1 0.820 0.506 0.244 0.071 
KIt 
2 0.881 0.623 0.332 0.102 
Koc 
4 0.928 0.736 0.445 0.146 
6 0.949 0.799 0.523 0.182 
0.5 0.697 0.290 0.044 -0.0293 
1 0.797 0.424 0.121 -0.0141 
Ku 
2 0.864 0.558 0.221 0.012 
Koc 
4 0.918 0.691 0.351 0.057 
6 0.943 0.766 0.444 0.095 
Mat.5 
0.5 0.717 0.375 0.169 0.048 
1 0.809 0.491 0.236 0.070 
KIt 
2 0.873 0.608 0.322 0.099 
Koc 
4 0.923 0.725 0.433 0.142 
6 0.945 0.790 0.512 0.176 
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Figure 4: Stress intensity factor in a cracked plate under uniform bending. 
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Appendix A 
Definition of constants Aj and B j 
~ ~4 
Al = -- ( 8 zz8 55 + 8 1Z8 44 - K-8 ), 10,. 66 
hZ 855 
A z = -10 8
66
' 
h3 
A =--8zz ' 3 12,. 
h3 2,. ) 
- --(-- 8}Z ' A = A7 - 12,. 8
66 
4 
hZ844 
A5 = -108
66
' 
hZ 8&5 
A6 = - 10,. ( 8 11 844 + 8 1Z 8&& - "8
66
) , 
h3 
A = --811 0 8 12,. 
Bl = -A3 , 
Bz = ·-2A4 , 
B3 =-A8 , 
B4 = -A3A&, 
B& = -A4 A & - A3A6 - A}A4' 
B6 = -A4 A6 - AzA4 - A}A8' 
B7 = -AzA8 0 
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Appendix B 
Expressions for R j 
( j 1, 2, 3 for x > 0) 
-1 1 
RI ( 0) = D(o) m
l 
(.\3 - .\2) [Q3.\3.\2 + Q4 (.\3 + .\2 )02 - Qs02 + Q60 4 ] gl( t), 
-1 1 
R2( 0) = D(o) m
2 
PI - .\3) [Q3.\1.\3 + Q4 PI +.\3 )02 - Qs02 + Q60 4 ] gl( t), 
-1 1 
R3 ( 0) = D(o) m3 P 2 - .\1) [Q3.\1.\2 + Q4 PI + .\2 )02 - Qs02 + Q60 4 ] gl( t), 
where 
D(o) = (Q204 + Ql ( 2 ) [.\2.\3 (.\3 -'\2) + .\1.\3 (.\1 - .\3) + .\1.\2 (.\2 -'\1)]' 
mj are roots of equation (13) and .\i = m/ . 
QI = Q3 = PSPI ' 
Q2 = PI ( PSPg - P6P7 ) , 
Q4=P6 P1 , 
Qs = PSP2 , 
Q6 = P6P3 - PSP4 • 
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h5 S44 
- .. ----S22 ' PI -12011: S66 
h3 1 
P2 = 6" S66 
h 5 1 
P3 = - 12011: S ( S22 S 55 + S12 S44 ) , 
66 
h5 S55 
- ----SI2 , P4 - 12011: S66 
h3 
P5 =-S22 , 1211: 
h3 1 h3 
P6 = ---S + -S12 , 6 66 1211: 
h2 h2 S44 
---s s +--, P7 - 1011: 12 44 10 S66 
h2 h2 S55 
--S S ---. Ps - 10K 55 12 10 S66 
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